
1 Dynamic Simulation and Pricing Asian Option

In business, we often need to deal with systems that dynamically evolving over time. For example,
GE’s stock price in year 2008, daily sales in the past week. To describe their evolutions, we use the
notion of sample path. Specifically, let random variable Xt be the system state in period t. The
process

X = (Xt)t≥0 = {Xt : t ≥ 0} = {X1, X2, . . . }

fully describes the system evolution. In particular, each realization (xt)t≥0 of X—a sample path—
gives a specific trajectory of the evolution.

To specific the dynamics, we need the initial condition X0 and the recursion Xt = f(Xt−1). For
example, let X0 be the initial stock price. The stock price Xt follows the geometric random walk,
whose recursion f(·) is given by

Xt = Xt−1 · e(µ−σ2/2)∆t+σ
√
∆tZ , (1)

where ∆t is the period length (step size), µ is the drift, σ is the volatility, and Z ∼ N (0, 12) is the
standard normal variate.

In Excel, we generate Z by NORM.INV(rand(), 0, 1). Once we have Xt−1, the next period Xt is
given by Eq. (1).

Now we use simulation to price Asian options. Let (Xt)t≥0 be the stock price over T periods. Unlike
European and American options, the price of an Asian option depends the average price:

X̄ =

∑T
t=1Xt

T
.

The present value of a call Asian option is

R0 = max(X̄ −K, 0) · e−rT .

For a put Asian option, it is
R0 = max(K − X̄, 0) · e−rT .

The fair price is E[R0].

Example: Let the initial stock price K0 = 100, the annual drift µ = 0.08, the volatility σ = 0.12,
exercise price K = 97, ∆t = 1/52 (year), maturity T = 1, risk-free rate r = 0.059, and sample size
N = 1000 (runs/replications/years).

We are interesting in the following questions:

1. Plot the sample paths St for the first 3 runs (each is 1 year starting with S0=100). Are there
any patterns?

2. What is the distribution (histogram) of R0?

3. How should it the put option be priced, i.e., E[R0]?

4. What is the probability Pr[R0 > 1.1]?

5. Answer the above questions for Asian call option.
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